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Abstract
A gravitational version of the S function for 2-component massless
spinor fields or Weyl fields is introduced in the manifestly covariant
operator formalism of quantum gravity. This function is defined as
a bilocal operator that relates to the 4D anti-commutation relation
between a Weyl field and its Hermitian conjugate. Some properties
of this function are investigated.
1. Introduction
The 4D anti-commutation relation between a free Dirac ﬁeld ψ(x) with
mass m and its Dirac conjugate ψ¯(y) is given by
{ψ(x), ψ¯(y)} = iS(x− y;m) , (1.1)
in the Minkowski spacetime [1]. Here, S(x − y;m) is the S function for
Dirac ﬁelds deﬁned by
(iγμ∂xμ −m)S(x− y;m) = 0 , (1.2)
S(x− y;m)|x0=y0 = −iγ0δ3(x− y) , (1.3)
with the use of the ordinary gamma matrices γμ. Abe and Nakanishi [2]
introduced an extended version of the S function in their method for solving
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b − ∂ρhμb)− hρb(∂μhρa − ∂ρhμa)
+hμ
chρahσb(∂σhρc − ∂ρhσc)] . (1.12)
Here ωabμ denotes the spin connection [1].
If m = 0, then we can decompose Dirac ﬁelds into two 2-component
spinor ﬁelds. These are called Weyl ﬁelds [4]. So, we need to treat Weyl
ﬁelds in the vierbein formalism of quantum gravity, and consequently to
have a quantum-gravity version of the S function for Weyl ﬁelds.
The purpose of the present paper is to introduce the quantum-gravity
S function for Weyl ﬁelds and to investigate it. For this purpose, we analo-
gously use the properties of the quantum-gravity S function for Dirac ﬁelds
deﬁned by Eqs. (1.6) and (1.7).
This paper is organized as follows. In the next section, we brieﬂy review
the manifestly covariant operator formalism for Weyl ﬁelds interacting with
the gravitational ﬁeld. In Sect. 3, we introduce the quantum-gravity S
function for Weyl ﬁelds. In Sect. 4, we investigate its transformation
properties. The last section is devoted to discussion.
2. Covariant operator formalism for Weyl fields
We consider a quantum system in which Weyl ﬁelds interact with the grav-
itational ﬁeld. Let us call it the quantum coupled Einstein–Weyl system.
2.1. Lagrangian density for Weyl ﬁelds
In order to treat Weyl ﬁelds in this system, we extract a corresponding
Lagrangian density from the following one [1] for a massless Dirac ﬁeld
the manifestly covariant operator formalism of quantum electrodynamics.
In this method, the electromagnetic ﬁeld and the electron one are expanded
in powers of e2 where e denotes the electromagnetic coupling constant.
The zeroth-order of the S function, S(0)(x, y), is deﬁned by the following
q-number Cauchy problem:
{iγμ[∂xμ − iA(0)μ (x)]−m}S(0)(x, y) = 0 , (1.4)
S(0)(x, y)|x0=y0 = −iγ0δ3(x− y) . (1.5)
Here A
(0)
μ (x) is the zeroth order of the electromagnetic ﬁeld.
Comparing Eqs. (1.2) and (1.3) with Eqs. (1.4) and (1.5), and taking
account of the vierbein formalism of quantum gravity [1], we deﬁned a
quantum-gravity version of the S function S(x, y;m) [3] for Dirac ﬁelds
interacting with the gravitational ﬁeld hμ
a(x) (a = 0, 1, 2, 3). Namely, we
form the following q-number Cauchy problem:
ih(x)γμ(x)[∂xμ + ωμ(x)]S(x, y;m)−mh(x)S(x, y;m) = 0 , (1.6)
S(x, y;m)|x0=y0 = −i γ
0(x)
h(x)g00(x)
δ3(x− y) . (1.7)
Here, h = dethμ
a, γμ ≡ hμa ◦γa with the ﬂat-space gamma matrices
◦
γa
(a = 0, 1, 2, 3),
{◦γa,
◦





As in Ref. [3], we use Greek small letters for GL(4) indexes and italic small
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Combining (1.11) and (2.3), we write
◦
σab=










































= −[( ◦Sab)†]A˙B˙ . (2.12)



























































































Inserting Eqs. (2.2) and (2.3) to Eq. (2.1), we obtain the sum of two
Lagrangian densities:






σ¯a (∂μ + ωμ)ξ − ξ†(←−∂μ − ωμ)hμa
◦





σa (∂μ + ωμ)η − η†(←−∂μ − ωμ)hμa ◦σa ηh] . (2.19)
ψ(x) interacting with the gravitational ﬁeld:
LD = i
2
[hψ¯γμ(∂μ + ωμ)ψ − ψ¯(←−∂μ − ωμ)γμψh] , (2.1)
where ψ¯ ≡ ψ† ◦γ0.
Massless Dirac ﬁelds are equivalent to pairs of two corresponding Weyl
ﬁelds. Therefore, we express ψ(x) and
◦














Here, ξA and η




σ¯a consist of the unit matrix and
the Pauli spin matrices,
(
◦




A˙B ≡ (σ0,−σ1,−σ2,−σ3)AB˙ . (2.5)
We use capital Roman letters, A,B,C, etc., for 2-component spinor in-
dexes, and raise or lower them by
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where δ3 denotes the spatial delta function Π3k=1δ(x
k − yk). In the above
and hereafter, a prime attached to a spacetime function means that its
argument is not xλ but yλ where it is understood x0 = y0. Using the
ﬁeld equation (2.25), the canonical conjugate (2.27), and the equal-time
canonical anti-commutation relation (2.28), we obtain







The action integral of L˜W in (2.22) is invariant under the gravitational




ρ − ∂νbρ · cρ) , (2.30)
where bρ is the gravitational B-ﬁeld and c
ρ is the gravitational Faddeev–
Popov ghost ﬁeld. The anti-commutation relation between QG and the
Weyl ﬁeld ξ is given by




[ b˙�ρ , ξ ] c
ρ� . (2.31)
Inserting the commutator,
[ b˙�ρ , ξ ] = −
iκ
hg00
∂ρξ · δ3 , (2.32)
to the right-hand side of (2.31), we obtain the gravitational BRST transfor-
mation of ξ. Here, κ is Einstein’s gravitational constant. The commutator
(2.32) is derived from the combination of (2.26) and the following commu-
tators [1]:











































2.2. Properties of ﬁeld operators
Now we use Lξ in (2.18) because it is enough to treat one of the pair of ξ
and η. In order to take ξ as the canonical variable, we replace Lξ by
L˜W ≡ ihξ†hμa
◦
σ¯a (∂μ + ωμ)ξ . (2.22)
The discarded term is a total divergence,





σ¯a ξ) , (2.23)










σ¯a (∂μ + ωμ)ξ = 0 , (2.25)








σ¯b ∂k + h
μb
◦
σ¯b ωμ)ξ . (2.26)








via the “left” functional derivative with respect to ξ. The equal-time canon-
ical anti-commutation relation is set as follows:
{πξA , ξ�B} = −iδABδ3 , (2.28)
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(1.7) for S(x, y;m); Eq. (1.6) relates to the gravitational Dirac equation,
and Eq. (1.7) is the quantum-gravity version of the condition (1.3) for the
ordinary S function.
Let us have two equations to deﬁne the quantum-gravity S function
SAB˙(x, y) for ξ. Comparing the ﬁeld equation (2.25) for ξ(x) with the





C˙D{δ AD ∂xμ + [ωμ(x)] AD }SAB˙(x, y) = 0 . (3.1)
Comparing the equal-time anti-commutation relation (2.29) with that be-
tween ψ(x) and ψ¯(y) [3], we secondly have a form of







where the symbol |0 denotes to set x0 = y0. Using the set of Eqs. (3.1) and
(3.2), we form the q-number Cauchy problem for the quantum-gravity S
function SAB˙(x, y). This function is a bilocal operator and does not depend
upon x − y alone, because of the same reason for the quantum-gravity D
function D(x, y) [5].
We regard the Hermitian conjugate of SAB˙(x, y) as follows:
[SAB˙(x, y)]† = −SBA˙(y, x) . (3.3)










C˙Dhμa(y)h(y)i = 0 . (3.4)
Equations (3.1) and (3.4) denote that the index A of SAB˙(x, y) relates to
the spinor property at the poinit x while the index B˙ does to that at the
point y.
In addition, the Lagrangian density L˜W is invariant under the internal




ab − ∂νsab · tab + i∂ν t¯ab · tbctac] , (2.36)
with
(Dμt)
ab ≡ ∂μtab + ωacμ tcb − ωbcμ tca . (2.37)
Here, sab is the internal Lorentz B-ﬁeld, and t
ab and t¯ab are the internal
Lorentz Faddeev–Popov ghost and anti-ghost ﬁelds; these ﬁelds are anti-
symmetric with respect to the indexes a and b. The anti-commutation
relation between QL and ξ is given by




[ s˙�ab , ξ ] t
ab� . (2.38)
Inserting the commutator,






to the right-hand side of (2.38), we obtain the internal Lorentz BRST trans-
formation of ξ. The commutator (2.39) is derived from the combination of








d − δbcδad)δ3 . (2.40)
The BRST charges, QG and QL, give us the subsidiary conditions,
QG|phys� = 0 , QL|phys� = 0 , (2.41)
to deﬁne the physical subspace of the indeﬁnite-metric Hilbert space.
3. Quantum-gravity S function for Weyl fields
In order to deﬁne the S function for Weyl ﬁelds, we form a q-number
Cauchy problem for it. This is analogous to the set of Eqs. (1.6) and
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with
KAB˙λ(x, y, z) ≡ iSAC˙(x, y)h(y)hλa(y)(
◦
σ¯a)
C˙DSDB˙(y, z) . (3.11)
The nonlocal “current” KAB˙λ(x, y, z) is conserved with respect to y by
virtue of Eqs. (2.24), (3.1), and (3.4). Of course, the right-hand side of
(3.10) is independent of y0 and reduces to SAB˙(x, z) by setting y0 = x0 via
(3.2).
Using Eqs. (2.29) and (3.7), we obtain the 4D anti-commutation rela-
tion between ξA(x) and (ξ
†)B˙(y) as follows:
{ξA(x), (ξ†)B˙(y)} = iSAB˙(x, y) +RAB˙(x, y; ξ†) , (3.12)
whereRAB˙(x, y; ξ†) contains a commutator between SAB˙(x, y) and (ξ†)C˙(z).
4. Transformation properties
In the quantum coupled Einstein–Weyl system, there are the aﬃne, the
gravitational BRST, and the internal Lorentz BRST symmetries. We in-
vestigate the transformation properties of the quantum-gravity S function
SAB˙(x, y) with respect to these three symmetries.
4.1. Aﬃne transformation
Let Pˆλ and Mˆ
κ
λ be the translation generator and the GL(4) one [1], respec-
tively. In what follows, we show that the aﬃne transformation of SAB˙(x, y)
is given by
[ iPˆλ,SAB˙(x, y) ] = (∂xλ + ∂yλ)SAB˙(x, y) , (4.1)
[ iMˆκλ,SAB˙(x, y) ] = (xκ∂xλ + yκ∂yλ)SAB˙(x, y) . (4.2)
As in Ref. [3], we prove only (4.2) since Pˆλ can formally be regarded as
Mˆ5λ with x
5 = y5 = 1, and δ5μ = δ
5
ν = 0.
Modifying Eqs. (3.1) and (3.4), we see






























































respectively. These are parallel with (2.26).
We can solve (2.25) in terms of an integral representation,
ξA(x) =
∫
d3yJ 0A (x, y) , (3.7)
with




Here note that the index λ relates to the vector property at the point y.
The bilocal “current” J λA (x, y) is conserved with respect to y by virtue of
Eqs. (2.24) and (3.4). Therefore, the right-hand side of (3.7) is independent
of y0 and reduces to ξA(x) by setting y
0 = x0 via (3.2).













Comparing (3.7) and (3.9), we ﬁnd an integral representation,
SAB˙(x, z) =
∫
d3yKAB˙0(x, y, z) , (3.10)
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AκλAB˙(x, y) = 0 . (4.11)
Hence the set of Eqs. (4.1) and (4.2) is proved. Equation (3.3) and the
Hermitian conjugate of (4.11) yield
[ iMˆκλ,SAB˙(x, y) ]† = −(xκ∂xλ + yκ∂yλ)SBA˙(y, x) . (4.12)
On the basis of Eqs. (4.1), (4.2), (4.6), and (4.8), the aﬃne transfor-
mation of the integral representation (3.7) for ξA is given by




d3y {∂yλ[yκJA0(x, y)]− δ0λJAκ(x, y)} . (4.13)
In the right-hand side, the integral term vanish since the “current” JAκ(x, y)
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◦
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+i xκ∂xλh






B · SCD˙(x, y)





































The right-hand sides of Eqs. (4.4) and (4.5) vanish by virtue of the following
commutators:






ρσ − δρλgκσ − δσλgρκ , (4.7)
[iMˆκλ, h
μa] = xκ∂λh
μa − δμλhκa , (4.8)
[iMˆκλ, ω
ab
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Thus, we ﬁnd
GAB˙(x, y) = 0 . (4.23)
Hence (4.14) is proved. Equation (3.3) and the Hermitian conjugate of
(4.23) yield
[ iQG,SAB˙(x, y) ]† = κ[cρ(y)∂yρSBA˙(y, x) + SBA˙(y, x)
←−
∂xρ · cρ(x)] . (4.24)
On the basis of Eqs. (4.14), (4.18), and (4.20), the gravitational BRST
transformation of the integral representation (3.7) for ξA is given by
{iQG, ξA(x)} = −κcρ(x)∂xρ ξA(x)
+κ
∫
d3y {∂yρ [JA0(x, y)cρ(y)]− JAρ(x, y)∂ρc0(y)} .
(4.25)
In the right-hand side, the integral term vanish since the “current” JAρ(x, y)
is conserved with respect to y.
4.3. Internal Lorentz BRST transformation
In addition, we show that the internal Lorentz transformation of SAB˙(x, y)
is given by
















We deﬁne the diﬀerence between both sides of (4.26) as follows:


















Then we form a Cauchy problem for GAB˙(x, y): we apply the operator
ihμa
◦
σ¯a (∂μ + ωμ) and the condition x
0 = y0 to (4.15). Using Eqs. (2.24),




A˙B{δ CB ∂xμ + [ωμ(x)] CB }GCD˙(x, y)
= −i [ iQG, hμa(x) ](
◦
σ¯a)
A˙B{δ CB ∂xμ + [ωμ(x)] CB }SCD˙(x, y)
−i hμa(x)(◦σ¯a)A˙B[ iQG, [ωμ(x)] CB ]SCD˙(x, y)
−iκ cρ(x)∂xρhμa(x) · (
◦
σ¯a)
A˙B{δ CB ∂xμ + [ωμ(x)] CB }SCD˙(x, y)
−iκ cρ(x)hμa(x)(◦σ¯a)A˙B∂xρ [ωμ(x)] CB · SCD˙(x, y)
+iκ ∂xμc




























The right-hand sides of Eqs. (4.16) and (4.17) vanish by virtue of the
following commutators:
[ iQG, h ] = −κ∂μ(cμh) , (4.18)
[ iQG, g
λμ ] = κ(∂νc
μ · gλν + ∂νcλ · gμν − cν∂νgλμ) , (4.19)
[ iQG, h
μa ] = κ(∂νc
μ · hνa − cν∂νhμa) , (4.20)
[ iQG, ω
ab
μ ] = −κ(∂μcν · ωabν + cν∂νωabμ ) ; (4.21)
these are derived from the gravitational BRST transformation of hμ
a [1],
[ iQG, hμ
a] = −κ(∂μcρ · hρa + cρ∂ρhμa) . (4.22)
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via (2.12).
Applying Eqs. (4.26), (4.30), and (4.31) to the anti-commutation rela-
tion between QL and the integral representation (3.7) for ξA, we obtain







A ξB(x) . (4.36)
5. Discussion
In the present paper, we have brieﬂy reviewed the manifestly covariant
operator formalism for Weyl ﬁelds in quantum Einstein gravity. We have
introduced a quantum-gravity S function SAB˙(x, y) for Weyl ﬁelds as a
function satisfying a q-number Cauchy problem given by Eqs. (3.1) and
(3.2). Our treatment of SAB˙(x, y) has been analogous to that of S(x, y;m)
in Ref. [3]. We have shown that the aﬃne, the gravitational BRST, and
the internal Lorentz BRST transformations of SAB˙(x, y) are consistent with
Eqs. (3.1), (3.2), and (3.7).
As the Weyl ﬁeld, we have taken ξ(x) rather than η(x) in (2.2). Of
course, one can select η(x) with the use of Lη in (2.19), and consequently
introduce the quantum-gravity S function S¯ A˙B(x, y) for it. This S function
is deﬁned by the following q-number Cauchy problem:
ih(x)hμa(x)(
◦
σa)CD˙{δD˙A˙∂xμ + [ωμ(x)]D˙A˙}S¯ A˙B(x, y) = 0 , (5.1)







The treatment of S¯A˙B(x, y) is parallel with that of SAB˙(x, y).
Since SAB˙(x, y) is not a function of x− y alone, we must distinguish ∂y
from −∂x. On the other hand, if a physical vacuum |0� is translationally
invariant,
Pˆλ|0� = 0 , (5.3)
Then we form a Cauchy problem for VAB˙(x, y): we apply the operator
ihμa
◦
σ¯a (∂μ + ωμ) and the condition x
0 = y0 to (4.27). Using Eqs. (2.24),




A˙B{δ CB ∂xμ + [ωμ(x)] CB }VCD˙(x, y)
= −i [ iQL, hμa(x) ](
◦
σ¯a)
A˙B{δ CB ∂xμ + [ωμ(x)] CB }SCD˙(x, y)



































The right-hand sides of Eqs. (4.28) and (4.29) vanish by virtue of the
following commutators:
[ iQL, h ] = 0 , (4.30)
[ iQL, h
μa ] = −tabhμb , (4.31)
[ iQL, ω
ab
μ ] = (Dμt)
ab ; (4.32)




a] = −tabhμb . (4.33)
Thus, we ﬁnd
VAB˙(x, y) = 0 . (4.34)
Hence (4.26) is proved. Equation (3.3) and the Hermitian conjugate of
(4.34) yield
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then the vacuum expectation value of (4.1) is given by
�0| [ iPˆλ,SAB˙(x, y) ] |0� = (∂xλ + ∂yλ)�0|SAB˙(x, y)|0� = 0 , (5.4)
These mean that ∂yλ is equivalent to −∂xλ .
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